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833. 


ON A FORMULA IN ELLIPTIC FUNCTIONS. 


[From the Messenger of Mathematics, vol. xiv. (1885), pp. 21, 22.] 


WRITING s, c, d for the sn, cn, and dn of an argument u, and so in other cases: 
we have s, c, d for the coordinates of a point on the quadriquadric curve æ? + 4°= 1, 
2+k’a?=1. Applying Abel’s theorem to this curve, it appears that, if w+ us + us + u,=0, 
the corresponding points are in a plane; that is, the elliptic functions satisfy the 


relation 
Sı ? Cy ? d, ? 


This may be written 
(8 — S1) (Cada — Cada) + (Sa — 83) (Cada — Cody) 
+ (Cy — C1) (dy, — du83) + (Ca — C3) (18, — dosi) 
+ (dy— dy) (830, — S463) + (dy — ds) (S162 — S61) = 0; 
and it may be shown that each of the three lines is, in fact, separately =0. 


This appears from the following three formule: 


sn (m+ Us) mi 8, S2 . 
cn (U + Ua) — dn (u + wo) Cd, — Cod,’ 
SN (U + Uo) j C — Cy 
en (th + UW) +1 d,s, — dys,’ 
= Eta 6 E 
matu BT 
dn (a + Us) +1 $10, — B50 
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which are themselves at once deducible from formule given, p. 63, of my Elliptic 
Functions, and which may be written 


1 
sn (w + Up) = $'—s2=— (c? = C2) migi Ie (d? pgi dè), = (8,Cd, oa S261), 
en (th + w) = S1Cıdo — S201, zu » 
dn (u, + Ua) = 80,0, — SoC), c » 

In fact, the numerators of cn (in +u)— dn (t +u), Cn (th +u) +1, dn (un + u) +1 
thus become = (s, + s) (ada — cadh), — (C1 + C2) (dis, —dys;), (di + do) (S12 — S201) respectively : 
so that, taking the numerator of sn(n +u) successively under its three forms, we 
have by division the formule in question. And then, if w, + = — (u, + ù), the functions 


on the left-hand side become, with only a change of sign, the like functions of us+ 4u; 
and we thence have the required equations 


8, — S2 S3 — S4 


e sa ap, iio, 
ada — Cod, Cada — Cds j 
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